Reducing the tension between the BICEP2 and the Planck measurements: A complete exploration of the parameter space  by Li, Yi-Chao et al.
Physics Letters B 738 (2014) 206–212Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Reducing the tension between the BICEP2 and the Planck 
measurements: A complete exploration of the parameter space
Yi-Chao Li a,b, Feng-Quan Wu a,∗, You-Jun Lu a, Xue-Lei Chen a,c
a Key Laboratory for Computational Astrophysics, National Astronomical Observatories, Chinese Academy of Sciences, 20A Datun Road, Chaoyang District,
Beijing 100012, China
b University of Chinese Academy of Sciences, Beijing 100049, China
c Center of High Energy Physics, Peking University, Beijing 100871, China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 1 September 2014
Received in revised form 23 September 
2014
Accepted 23 September 2014
Available online 28 September 2014
Editor: M. Trodden
Keywords:
BICEP2
B-mode
Neutrinos
Sterile neutrinos
A large inﬂationary tensor-to-scalar ratio r0.002 = 0.20+0.07−0.05 is reported by the BICEP2 team based on 
their B-mode polarization detection, which is outside of the 95% conﬁdence level of the Planck best 
ﬁt model. We explore several possible ways to reduce the tension between the two by considering a 
model in which αs, nt, ns and the neutrino parameters Neff and Σmν are set as free parameters. Using 
the Markov Chain Monte Carlo (MCMC) technique to survey the complete parameter space with and 
without the BICEP2 data, we ﬁnd that the resulting constraints on r0.002 are consistent with each other 
and the apparent tension seems to be relaxed. Further detailed investigations on those ﬁttings suggest 
that Neff probably plays the most important role in reducing the tension. We also ﬁnd that the results 
obtained from ﬁtting without adopting the consistency relation do not deviate much from the consistency 
relation. With available Planck, WMAP, BICEP2 and BAO data sets altogether, we obtain r0.002 = 0.14+0.05−0.11, 
nt = 0.35+0.28−0.47, ns = 0.98+0.02−0.02, and αs = −0.0086+0.0148−0.0189; if the consistency relation is adopted, we get 
r0.002 = 0.22+0.05−0.06.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
The BICEP2 experiment [1,2], a dedicated cosmic microwave 
background (CMB) polarization experiment, has announced re-
cently the detection of the B-mode polarization in CMB, based on 
an observation of about 380 square degrees low-foreground area 
of sky during 2010 to 2012 in the South Pole. The detected B-
mode power is in the multipole range 30 <  < 150. Because the 
CMB lensing peaks at  ∼ 1000, the excess of B-mode power at 
these small  ∼ 100 s cannot be explained by the lensing contri-
bution, which is too small. It has been pointed out in that the 
foreground residual from Galactic dust may contribute to B-mode 
power [3–5]. The BICEP2 team has examined possible system-
atic errors and potential foreground contaminations, and found 
that the cross-correlations between frequency bands have little 
changes in the observed amplitude, which imply that frequency-
dependent foreground may not be the dominant contributor. If 
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SCOAP3.the CMB polarization B-modes observed by BICEP2 is conﬁrmed, 
it would indicate the presence of tensor perturbations, i.e. gravita-
tional waves in the early universe, and provide a strong evidence 
of the inﬂationary origin of the universe.
The inﬂation theory which has been developed since the 1980s 
solves a number of cosmological conundrums, like the monopole, 
horizon, smoothness, and entropy problems [6–9]. The quantum 
ﬂuctuations stretched by the inﬂationary expansion, give rise the 
scalar and tensor primordial power spectrum. Considering the 
ΛCDM model and assuming the scalar perturbation are purely adi-
abatic, it is convenient to expand the scalar and tensor power 
spectrum as
Pζ (k) ≡ As
(
k
k0
)ns−1+ 12αs ln kk0
, (1)
P t(k) ≡ At
(
k
k0
)nt
, (2)
where k0 is the pivot scale, usually chosen to be 0.05 Mpc−1, 
roughly in the middle of the logarithmic range of scales probed 
by WMAP and Planck experiments; As, ns are the amplitude and 
spectral index for the scalar power spectrum respectively, while At ,  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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running of the scalar spectrum tilt [10] with αs = dnsd ln k . An impor-
tant parameter, the tensor-to-scalar ratio, which indicates the ratio 
of the tensor power to the scalar power, is deﬁned as
r = Pζ (k)
P t(k)
; (3)
r can be scale dependent, and the single ﬁeld slow-roll inﬂation 
implies a tensor-to-scalar ratio of r0.05 = −8nt , in which the sub-
script 0.05 indicates the particular pivot scale of k = 0.05 Mpc−1. 
This relation is referred to as the consistency relation.
The BICEP2 team reported their measured value of tensor-to-
scalar ratio, at scale k = 0.002 Mpc−1, as r0.002 = 0.20+0.07−0.05, based 
on the lensed-ΛCDM + tensor model. The result is derived from 
importance sampling of the Planck MCMC chains using the direct 
likelihood method. The unexpected large tensor-to-scalar ratio gen-
erated a lot of interest [11–25]. There appears a tension between 
the value of r0.002 measured by the BICEP2 team and that by other 
CMB experiments, at least in the simplest lensed ΛCDM + tensors 
model.
Previous CMB observations with the Planck satellite, the WMAP 
satellite and other CMB experiments yielded a limit of much 
smaller tensor-to-scalar ratio r < 0.11 (at 95% C.L.) [26]. Some 
mechanisms have been proposed to alleviate this tension [27], 
by (a) adjusting the running of the scalar power spectrum tilt; 
(b) considering the blue tilt tensor power spectrum; and (c) in-
cluding the effect of the neutrinos.
The running of the scalar power spectrum The BICEP2 team [1]
pointed out that a simple way to relax this tension is to take the 
running of spectrum index into account. But with the large |αs|, it 
is diﬃcult to get a suﬃcient e-folds number for slow roll inﬂation 
[28]. Some studies prove that there is a possibility of solving such 
e-folds number problem [29,30].
The blue tilt tensor power spectrum There is a widespread interest in 
the tensor power spectrum index [31,32], since it is an important 
source of information for distinguishing inﬂation models [33–35]. 
Recently, Gerbino et al. [36] reported a blue tensor power spec-
trum tilt nt ∼ 2 using the B-mode measurements. It is also possible 
to solve the tension by including nt as a free parameter. Wu et al. 
[37] studies the effect of nt , by including Ωch2, Ωbh2, τ , θMC, As, 
ns and nt as free parameters in the global ﬁtting, and ﬁnds that 
the apparent tension is alleviated.
The effect of the neutrinos Besides directly adjusting the spectrum 
itself, considering the effect of neutrinos may also suppress the 
scalar power spectrum. The effective number of neutrinos Neff af-
fects the density of the radiation in the universe, which changes
the expansion rate before recombination, and the age of the uni-
verse at recombination. The diffusion length scales and sound hori-
zon, which are all related with the age, affect the power in its 
damping tail [38,39]. Very massive neutrinos could suppress the 
structure formation at small scales [40,41], though as there are 
tight limits on the mass of the three active neutrinos, such a neu-
trino must be a sterile one. It is reported that considering the 
effect of the neutrinos can reduce the tension [40,42,43].
In this paper, we explore the best way to solve the tension, 
through the global ﬁtting, by considering αs, nt as well as the neu-
trino parameters as free parameters. In the lensed ΛCDM model, 
the ﬁtting is performed with the Planck CMB temperature data 
[26] and the WMAP 9 year CMB polarization data [44,45], with/out 
the newly published BICEP2 CMB B-mode polarization data. In or-
der to have good constraints, the BAO data from the SDSS DR9 [46], Fig. 1. The difference in power spectra between a model with the ﬁducial parame-
ters set. From the top to the bottom are for the CMB TT, EE, BB, TE angular power 
spectra, and the matter power spectrum. The red solid line (actually the x-axis) in-
dicates the ﬁducial case. The difference induced by variation in αs (black dashed), 
Neff (blue solid), and nt (green dashed–dotted) are plotted. (For interpretation of 
the references to color in this ﬁgure, the reader is referred to the web version of 
this article.)
SDSS DR7 [47], 6dF [48] are also included. We derive constraints 
using the publicly available code COSMOMC [49], which imple-
ments a Metropolis–Hastings algorithm to perform an MCMC sim-
ulation in order to ﬁt the cosmological parameters. This method 
also provides reliable error estimates on the measured variables.
The outline of this paper is as follows. In Section 2 we ﬁrstly 
check the sensitive scale for some interesting parameters, which 
could solve the tension. In Section 3 we introduce our global ﬁtting 
method and present the results, The contributions of the interest-
ing parameters are discussed in Section 4, and our conclusions are 
given in Section 5.
2. The sensitive scale for parameters
The interesting parameters αs, Neff and nt are sensitive to dif-
ferent scales of the power spectrum. Using the CAMB code, we can 
ﬁnd out the sensitive scales of each parameter. For comparison, 
a baseline model is set with αs = 0, Neff = 3.046 and nt = −r0.05/8, 
following the consistence relation. The ﬁducial values of the pa-
rameters are based on the result of Planck, except Neff, which 
comes from the Standard Model. The residuals comparing with the 
ﬁducial power spectrum are shown in Fig. 1, in which the ﬁducial 
case is shown as the red solid line.
The running of the power spectrum index is included by setting 
αs = −0.022, and the residuals are shown as black dashed line in 
Fig. 1. The result indicates that, αs is most sensitive to the scale 
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Cosmological parameters used in our analysis. For each of them, we list the symbol, prior range and the summary deﬁnition. Flat priors 
are assumed for all parameters.
Parameter Prior range Deﬁnition
Ωch2 [0.001,0.990] Physical CDM matter density
Ωbh2 [0.005,0.100] Physical baryon density
τ [0.01,0.80] Thomson scattering optical depth due to reionization
100θMC [0.5,10.0] 100 times the ratio of sound horizon to angular-diameter distance to CMB last-scattering surface
ln(1010 As) [2.7,4.0] Log power of the primordial curvature perturbations (k0 = 0.05 Mpc−1)
ns [0.80,1.14] Scalar spectrum power-law index (k0 = 0.05 Mpc−1)
Σmν [eV] [0,5] Sum of physical masses of standard neutrinos
Neff [3.046,8.000] Effective number of neutrinos
AL [0,5] Lensing potential scaled by √Alens
nt [−3,4] Tensor spectrum power-law index (k0 = 0.05 Mpc−1)
αs [−0.20,0.17] Running of the spectral index, dns/d lnk
r0.05 [0,1] Ratio of tensor to scalar primordial power at pivot scale 0.05 Mpc−1
meffν,sterile [0,3] Effective mass of sterile neutrino (eV)with  < 200 in the CMB angular spectrum and k < 0.1 hMpc−1
in the matter power spectrum. Within such scales, the negative 
αs can reduce the TT and the matter power spectrum, which is 
expected for solving the problem in tensor-to-scalar ratio. As re-
ported in Ref. [26], when αs = −0.022 ± 0.01(68%), the constraints 
relax to r0.002 < 0.26, which indicates a possible way to relax the 
tension.
The parameter Neff has great effect on smaller scales of the 
power spectrum. The Standard Model value is Neff = 3.046 [50], 
we plot the difference result for the case Neff = 3.5 as shown by 
the blue solid line in Fig. 1. Neff affects the peaks of BAO, both on 
the position and the amplitude [38,39], which is also clearly shown 
in our ﬁgure. A large Neff causes the suppression on the small 
scales of the scaler power spectrum. With a large ns, the scalar 
power spectrum increases at the scales both larger and smaller 
than the pivot scale of k = 0.05 Mpc−1. The increased power com-
pensates the suppression at small scales and also reduces tensor-
to-scaler ratio at large scales, which can help to reduce the tension 
of r0.002.
The green dashed–dotted line in Fig. 1 shows the difference be-
tween a model with nt following the consistency relation and a 
model where this relation is broken, with nt = 0.3. It is shown 
that the variation of nt mainly affects the large scales of the BB 
power spectrum.
From the above discussions we see how each parameter affects 
the CMB and matter power spectra differently, and how it could 
help to alleviate the tension in the tensor-to-scalar ratio. However, 
there are still degeneracy and correlation between the effects of 
various parameters, and the constraints also depend on the priors, 
so the actual result is more complicated. We perform a global ﬁt-
ting with complete parameter space, and ﬂat prior, to explore the 
best way to solve the problem.
3. The global ﬁtting
We use the CosmoMC code [49] to explore the parameter space 
and obtain limits on cosmological parameters. In our MCMC simu-
lations, about 500000 samples are collected with 200 chains. The 
ﬁrst 1/3 of the samples is used for burning and not used for the 
ﬁnal analysis.
In addition to the BICEP2 data [1], we use the Planck CMB tem-
perature data [26], the WMAP 9 year CMB polarization data [44,
45], and the BAO data from the SDSS DR9 [46], SDSS DR7 [47] and 
6dF [48] in our cosmological parameter ﬁtting. For clarity, we use 
the following labels to denote the different data sets:• Planck + WP: The Planck high-, low- temperature power 
data [26], and the WMAP9 polarization power data [44,45] are 
adopted in the ﬁtting;
• Planck+WP+ BICEP: Beside the Planck and WMAP data sets, 
the BICEP2 data [1,2] is also included;
• Planck + WP + BICEP + BAO: Beside the CMB measurement 
data, the BAO data from SDSS DR9 [46], SDSS DR7 [47], and 
6dF [48] are also included in the ﬁtting.
The deﬁnition and prior range of some important parameters 
are listed in Table 1. For most of the parameters, the ﬂat priors 
are used as in the Planck analysis [26]. Beside the 6 parameters 
characterizing the simplest inﬂationary ΛCDM model, Ωch2, Ωbh2, 
τ , θMC, As and ns, we also include the running of scalar power 
spectrum index αs and the parameters related with the neutri-
nos, such as the effective number of neutrinos Neff and the sum 
of physical masses of standard neutrinos Σmν . Because the evolu-
tion of sterile neutrinos is signiﬁcantly different, it is explored as 
an extra case, by including one more parameter, meffν,sterile, the ef-
fective mass of the sterile neutrinos. When we ignore the single 
ﬁeld slow-roll consistency relation, nt is set to a ﬁxed value, which 
can be positive or negative, allowing for both red and blue tilt. For 
comparison, we also run a set of MCMC chains, with nt following 
the consistency relation.
4. Results and discussion
The values of the parameters constrained with our global ﬁtting 
are listed in Table 2. For comparison, the best ﬁts of different data 
sets with nt as a free parameter and nt = −r0.05/8 following the 
consistency relation are all listed in Table 2.
We plot the 2-dimensional contours and 1-dimensional proba-
bility distribution of cosmological parameters with different data 
sets in Fig. 2. The Planck + WMAP constraints are plotted in black 
dashed–dotted lines, the constraint with additional BICEP data are 
plotted with blue dashed lines, and the constraint also with BAO 
are plotted in red solid lines. Here we do not impose the con-
sistency relation, and nt is taken as a free parameter. From these 
plots, we ﬁnd that with the inclusion of the neutrino parame-
ters, there is no signiﬁcant conﬂict between the result of including 
and excluding the BICEP2 data set, the allowed parameter range 
or region overlap with each other in these two cases. The con-
straints also become tighter with the additional BAO data sets in-
cluded. With only the Planck and WMAP9 data sets, r0.002 < 0.16
with 68% marginalized limits. The constraints are different from 
that reported by the Planck Collaboration et al. [26], since some 
extra free parameters are included in our global ﬁtting, such as 
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The results of the global ﬁtting with different data sets. For each of the ﬁtting, we consider both imposing and not imposing the inﬂation consistency relation. Without the 
consistency relation, nt is constrained by MCMC as a free parameter. The errors are the 68% marginalized limits. The columns with label “Planck + WP” indicate the results 
obtained with only the Planck and WMAP data sets, the columns with label “+ BICEP” indicate the result of “Planck + WP + BICEP”, while “+ BAO” indicate the results of 
“Planck + WP + BICEP + BAO”.
Parameter nt free nt = −r0.05/8
Planck + WP + BICEP + BAO Planck + WP + BICEP + BAO
ns 0.99±0.030.04 1.00±0.030.04 0.98±0.020.02 1.00±0.040.04 1.02±0.040.04 0.98±0.020.02
r0.002 < 0.16 0.16±0.060.12 0.14±0.050.11 < 0.24 0.24±0.050.07 0.22±0.050.06
nt 0.24±0.210.46 0.29±0.230.47 0.35±0.280.47 – – –
αs −0.0054±0.01620.0217 −0.0011±0.01870.0241 −0.0086±0.01480.0189 −0.0065±0.01740.0215 −0.0017±0.01850.0227 −0.0133±0.01290.0162
Neff 3.7±0.60.9 3.9±0.70.9 3.4±0.40.6 3.8±0.71.0 4.1±0.71.0 3.4±0.40.6
Σmν [eV] < 0.29 < 0.27 < 0.37 < 0.34 < 0.31 < 0.41
Ωm 0.28±0.040.04 0.27±0.030.04 0.30±0.010.01 0.28±0.040.05 0.26±0.030.04 0.30±0.010.01
ΩΛ 0.72±0.040.04 0.73±0.040.03 0.70±0.010.01 0.72±0.050.04 0.74±0.040.03 0.70±0.010.01
σ8 0.79±0.050.03 0.80±0.050.03 0.78±0.050.04 0.78±0.050.04 0.79±0.050.03 0.77±0.050.04
H0 72±57 75±57 70±23 74±68 77±68 70±23
100θMC 1.0412±0.00090.0010 1.0411±0.00100.0010 1.0412±0.00090.0009 1.0412±0.00090.0010 1.0411±0.00090.0010 1.0413±0.00090.0009
AL 1.1±0.10.1 1.2±0.10.1 1.1±0.10.1 1.2±0.10.2 1.2±0.10.1 1.1±0.10.1nt, αs, Neff and Σmμ . Now considering such extra free parame-
ters, we ﬁnd r0.002 = 0.16+0.06−0.12 with the addition of the BICEP2 
data, and r0.002 = 0.14+0.05−0.11 with both the BICEP2 and the BAO 
data sets included. The constraints on r0.002 with the three data 
sets (Planck + WP, Planck + WP + BICEP and Planck + WP +
BICEP + BAO) are all consistent with each other.
In the above we have taken nt as a free parameter without im-
posing the consistency relation. If we do impose the consistency 
relation in our ﬁtting, the 68% marginalized limits are r0.002 < 0.24
with only Planck and WMAP9 data sets; r0.002 = 0.24+0.05−0.07 with 
BICEP2 data included; and r0.002 = 0.22+0.04−0.06 with both BICEP2 and 
BAO data sets included. The results are all consistent with Ref. [1].
These results show that the tension between the BICEP and 
Planck data is removed by including nt , αs and the neutrino pa-
rameters as free parameters in the global ﬁtting. Below we inves-
tigate which parameters are responsible for this.
4.1. nt is not the key parameter
As discussed in Section 2, nt has signiﬁcant effect on the BB 
power spectrum, but not on the TT or the matter power spectrum. 
The results of our global ﬁtting with different data sets also indi-
cate that the constraints on nt become better with the inclusion of 
BICEP2 data set, but the BAO data set does not help to improve the 
constraint on it.
The left panel of Fig. 3 shows the joint probability of nt and 
r0.05, when the consistency relation is not imposed. For reference, 
we also plot the consistence relation with the black solid line in 
the same ﬁgure. The consistency relation also forces nt to be neg-
ative, so the tensor spectrum has a red tilt. From the ﬁgure we see 
that the global ﬁtting results are still consistent with the consis-
tency relation. Although the result favors a blue tilt in the tensor 
spectrum slightly, it is not as signiﬁcant as reported in Ref. [36].
In the right panel of Fig. 3, we show the contours for r0.002
and nt, note here nt is measured around k = 0.05 hMpc−1. If 
r0.002 < 0.11 [26], it would be easy to get a larger blue tilt tensor 
power spectrum. However, when the consistency relation is im-
posed, it forces nt to a small negative value, and yields a large 
r0.002. In our global ﬁtting, the constraints with ﬂat prior result 
in a slightly smaller r0.002 = 0.14+0.05−0.11, while with the consistency 
relation imposed, r0.002 = 0.22+0.05−0.06, which is consistent with the 
results reported in Ref. [1].We see that the results obtained with the different data sets 
are generally consistent with each other, either with or without 
the consistency relation imposed. Including nt as a free parameter 
is not a necessary condition for solving the tension, but the value 
of r0.002 is correlated with the prior of nt .
4.2. αs helps a little
In the paper of the BICEP2 Collaboration et al. [1], αs is 
introduced to reduce the tension in r0.002. According to their 
analysis, a negative αs ∼ −0.022 is needed for suppressing the 
scalar power spectrum. In our ﬁtting, the αs is constrained to 
be αs = −0.0054+0.0162−0.0217(68%) with Planck and WMAP9 data; 
αs = −0.0011+0.0187−0.0241(68%) with BICEP2 data included; and αs =
−0.0086+0.0148−0.0189(68%) with all the data sets included. The values of 
αs for different data sets agree within error range, and also are 
consistent with αs = 0. Such a small αs cannot give a suﬃcient
suppression on scalar perturbation for solving the tension.
In the case of nt following the consistency relation assump-
tion, the αs is constrained to αs = −0.0133+0.0129−0.0162(68%) with all 
the data sets included. The non-zero results indicate that the αs is 
still helpful for suppressing the scalar power spectrum and allevi-
ating the r0.002 tension, at least when the consistency relation is 
imposed.
However, with the large value of αs ∼ −0.02, it is hard to get a 
suﬃcient e-folds number in slow roll inﬂation, which is unaccept-
able in our universe [27,28]. Given this, αs is not a good choice for 
solving the problem of tension between Planck and BICEP2.
4.3. The neutrinos help signiﬁcantly
The neutrinos mainly affect the scalar and tensor power spec-
trum on small scales. According to the analysis in Bashinsky and 
Seljak [38], Hou et al. [39], Lesgourgues et al. [51], Neff mainly 
affects the scales of BAO peaks, which are at smaller scales than 
BICEP2 data. So the constraint on neutrinos comes mainly from the 
Planck data sets and BAO data sets. As shown in Fig. 2, with neu-
trino parameters in the ﬁt, the contours do not change much when 
the BICEP2 data is added. Because the neutrinos are still relativis-
tic at the epoch of Recombination, Σmν only has a small effect on 
the primary power spectrum and it is hard to be constrained. We 
ﬁnd that, Σmν is constrained to be < 0.29 ev with the Planck and 
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Top: the primordial power spectrum parameters and the neutrino parameters Neff and Σmν . Bottom: other cosmological parameters. The consistency relation is not imposed.
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and r0.002. The inner and outer contours represent the 68% and 95% conﬁdence levels respectively.Fig. 4. This plot shows the joint probability of Neff and ns constrained from our 
MCMC global ﬁtting, by using different data sets, without considering the consis-
tency relation. The inner and outer contours represent the 68% and 95% conﬁdence 
levels respectively.
the WMAP9 data; < 0.27 eV with the BICEP2 data included; and 
< 0.37 eV with both the BICEP2 and the BAO data included.
The Neff is a more interesting parameter in this case. It is con-
strained to be Neff = 3.66+0.61−0.92 with the Planck and the WMAP9 
data only; Neff = 3.93+0.66−0.93 with the BICEP2 data added; and Neff =
3.43+0.39−0.58 with the BICEP2 and the BAO data sets included. We get 
larger Neff than that in the Standard Model. The result is consis-
tent with recent CMB measurement [52–55,44,39,26]. Such a large 
Neff is expected for solving the r0.002 tension. Because of the sup-
pression of the large Neff on small scales, a large ns becomes 
acceptable, and the large ns can help solving the tension problem 
on large scale. Such a trend can be found through the 2d con-
tours of Neff and ns in Fig. 4. Without considering BAO and BICEP2 
data, ns = 0.99+0.03−0.04 which is larger than 1 within 68% marginal-
ized conﬁdence interval. With the BICEP2 data added, the ns is 
constrained to be 1.01+0.03−0.04. By including the BAO and BICEP2 data, 
ns = 0.98+0.02−0.02 which is still consistent with ns < 1.
The large Neff could be explained by including extra neutrinos 
such as the sterile neutrinos, neutrino/anti-neutrino asymmetry 
and/or any other light relics in the universe. In the case of ster-
ile neutrinos, the related parameters, meffν,sterile and Neff are con-
strained to be meff < 0.79, Neff < 4.30 with only the Planck ν,sterileand the WMAP9 data sets; meffν,sterile < 0.75, Neff = 4.19+0.36−1.08 with 
the BICEP2 data added; and meffν,sterile = 0.53+0.21−0.42, Neff < 4.05 with 
the BICEP2 and the BAO data sets both included. And in such a 
case, r0.002 is constrained to be r0.002 < 0.23 with the Planck and 
the BICEP2 data sets; r0.002 = 0.18+0.08−0.11 with the BICEP2 data sets
included; and r0.002 = 0.19+0.08−0.09 with the BICEP2 and the BAO data 
sets both included. The consistent constraints on r0.002 indicate the 
alleviation of the tension between different data sets.
Using sterile neutrinos to alleviate the tension between the 
Planck data set and other data set has also been discussed in Zhang 
et al. [40], Dvorkin et al. [42]. Their conclusions are in agreement 
with ours. With the complete exploration of the parameter space, 
we also ﬁnd that including neutrino parameters plays an important 
role in solving the tension.
5. Conclusion
In this paper, we explore various ways to alleviate apparent ten-
sion between the constraints on the inﬂationary tensor-to-scalar 
ratio r0.002 obtained from the BICEP2 data and the Planck data. The 
ﬁttings are performed with the Planck CMB temperature data [26]
and the WMAP 9 year CMB polarization data [44,45], with/out the 
newly published BICEP2 CMB B-mode data. We also use the BAO 
data from SDSS DR9 [46], SDSS DR7 [47] and 6dF [48], to help 
breaking some parameter degeneracy and improve the precision 
of the model. By setting αs, nt and neutrino parameters as free 
parameters, the resulting constraints on r0.002 from different data 
sets are found to be consistent with each other.
With all the data sets included, we obtain marginalized 68%
bounds on some interested parameters as follows:
r0.002 = 0.14+0.05−0.11, (4)
ns = 0.98+0.02−0.02, (5)
αs = −0.0086+0.0148−0.0189, (6)
nt = 0.35+0.28−0.47. (7)
The value of r0.002 obtained in this work is smaller than that re-
ported by the BICEP2 team, due to its dependence on nt , which is 
constrained to be positive (blue tensor tilt), but a ﬂat or even red 
tilt is still consistent with the data. Furthermore, the results do not 
deviate from the consistency relation, even if we ignore the rela-
tion in the ﬁtting. Because the consistency relation restricts nt to 
a lower value, it breaks the degeneracy between nt and r0.002. By 
212 Y.-C. Li et al. / Physics Letters B 738 (2014) 206–212applying this relation as a prior in the ﬁtting, a tighter constraint 
on r0.002 is obtained, r0.002 = 0.22+0.05−0.06.
Although the tension is alleviated by including αs , nt and neu-
trino parameters as free parameters, we ﬁnd that αs and nt are not 
the key parameters. The scalar running αs is still consistent with 0, 
this indicates that including αs may not be the best choice for solv-
ing the r0.002 tension. The results are consistent with different data 
sets, with or without nt as a free parameter, which indicates that 
nt is not necessary for solving the r0.002 tension problem. Finally, 
the effective number of neutrinos Neff , constrained to be 3.43
+0.39
−0.58, 
appears to be the most important parameter for this problem.
We also check our result with the sterile neutrinos. By includ-
ing all the data sets, Neff is constrained to be < 4.05, meffν,sterile is 
constrained to be 0.53+0.21−0.42, and in this case, r0.002 is constrained 
to be 0.19+0.08−0.09.
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